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NATIONALADVISORYCOMMITTEEFCIRAERONAUTICS

TWO-DIMENSIONAL

TECHNICALMEMORANDUM1239

MOTIONOF A GAS AT URGE SUPERSONICVELOCIT~

By S. V. Falkovich

A largenumberof papershavebeen devotedto the problemof
integrationof equationsof two-dimensionalsteadynonvertical
adiabaticmotionof a gas. Most of thesepapersare based on the
applicationof the hodographmethodof S. A. Chaplyginin which
the plane of the hodographof the velocityis takenas the region
of variationof the independentvariablesin the equationsof
motion;the equationsbecomelinearin this plane, The exact
integrationof theseequationsis, however,obtainedin the form
of infiniteseriescontaininghypergeometricfunctions. The
obtainingof such solutionsand theirinvestigationinvolvee&en-
sive computations.As a result, methodshave been developedfor
the approximateintegrationof the equationsof motionfirst
transformedto a linearform. S. A. Chaplyginin reference1
firstpointedout such an approximatemethodapplicableto flows
in which the Mach nuniberdoesnot exceed0.4.

S. A. Christianovich(reference2), in solvingthe problem
of the flowwith circulationabouta wing in a supersonicstream,
gave as a firstapproximationa generalizationof the methodof
Chaplyginto the casewhere the regionof variationof the velocity
in the hodographplanelieswithina sufficientlynarrowring
entirelyinsidethe circle W <~. At the same time and inde-
pendentlyan analogousmethodwas proposedby Tsien and von K&m&n
(references3 and 4). Thesemethodsare not.applicablefor
Mach numbersnear unity. In the papersby F. 1. Frankl (refer-
ence5) and S. V. Falkovich(reference6),approximateeqyations
of motionare givensuitablefor the investigationof flows in
passingthroughthe velocityof sound. In his recentlypublished
paper,S. A. Christiantich(reference7) showedthat for Mach
numbers1.05 <M <3.5 the equationsfor the streamfunctionand
the velocitypotentialmay approximatelybe replacedby the equa-
tionsof Darbouxwith integralcoefficientsand hence the general
integralobtainedin finiteform.

*“Ins~itut Me~n&i AkademiiNauk Souiza,SSR”Prikladnaia
Matematikai Mekhanika,TomXI, 1947.
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The equationof motionof a gas is investigatedhereinfor
largesupersonicvelocitiesand a methodis shownfor the approxi-

●

mate integration,whichgivessufficientaccuracyfor Mach nmibers
greaterthan4.

1. Fundamentalequationand its transformation.- The equa-
tion determiningthe velocitypotentialof the two-dimensional
irrotationaladiabaticmotionof a gas has, as known,the form

To this equationthe transformationof Legendreis applied.
As the indmendentvariablesin mlaceof x and Y are taken
&p/& = u kl
tial g(x,y),

Equation(1.1)

(a2

acpfiy=v and i~place of the vel~citypoten-
the”Legendrepotentialis introduced.

Q(U,V)=ux+vy- qX%Y)

becomes

V2 )

If the function

azo a% w
~ + 2UV au av

+ (az - u2) —
avz

@(u,v) is determined,thenby

.:

(1.2)

=0 (1.3) ●

differen-
tiationof equation(1.2),the coordinatesx and y of the
correspondingpoint in the flowplaneare determined.

x = a@/au y= aaqav (1.4)

Pass in the hodographplane U,V to polarcoordinatesand
set u =WCOS6 andv=Wsin(3; equations(1.3)and (1.4)
thenbecome

—

(1.5)
_

ao Si:e?g
x= y=sinEla* cose ao

cOsesir— 3ii+ ~&j (1.6)

If only supersonicvelocitiesare considered,it is more con-
venientin placeof the independent
equation(1.5)the new variable

variable W to introducein
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Thus Z Willbe
indefinitelyas

In orderto
of Bernoullithe

z = l/ JF=-l (1.7)

smallfor largeMach nunibersand will increase
M+l.

carryout this transformation,from the equation
expressionof W is foundin termsof z. Thus

or

If M? is replacedby z, from equation(1.7)

h2a+2(l+z2)
W2 =

~+h2z2 (1.8)

By makinguse of this expression,pass in equations(1.5)and
(1.6) from the variable W to the variable z; then

%$ (h2-1)2 ~@+3h2z4 + 2h2z2+ h2 - 2>@= ~

2- (1+22)2(l+h2z2)2b62 (1+22)(l+h2z2)z bZ

(1.9)

1 P ‘(1+22x=-- l+h2z2)
w (h2-l)z

[ ‘(

1 (1+22
Y=-~

l+h2z2)
(h2-1)Z

CO* e g 1af$
‘sin%

16hf3~-c06e~ (1.10)

The characteristicsof equation(1.9)may be takenin the form

J

b
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P
z

h2-l)dz

J

z

A=e - (h-l)dz

~ (1+22)(l+hzzz)
p=e+

~ (l+z2~(l+h2z2) .. . ,.

will
line

The lineof maximumvelocity z = O in the hodographplane
correspondin the planeof the characteristics,AW to the
p - A = O. If the integrationis carriedout,

,... _

&j’
d

L

—

A=e - (h arc tghz-arctgz) p= e+-(ha rctghz-arctgz)

(1.11)

2. Investigationof equation(1.9).- If equation–(1.9)is -
referredto the characteristiccoordinates A w,

~2@ h2 - 2 - 2Z2 - h2z4 a~ ~~
n- 4(h2 - l)Z ()T-rA”’”

(2.1)

From equations(1.21),

IJ -A = 2(h arc tg

From equation(2.2)it followsthat
equation(2.1)

hz - arc tg z) -- (2.2)

the coefficientof the

L(u - A) =
h2 - 2 - 2Z2 - h2z4

4(h2 - 1)2
(2.3)

—

is a functionof the difference~ -A. Equations(2.2)and (2.3)
give this dependencein parametricform.

From equation(2.3)it followsthatthe function L(I.I- A)

is negativefor z2 > (h2- 2)/h2 and positivefor ....
Z2 C (h2 - 2)/h2. For Z2 = (h2 - 2)/h2 the functionzL(~ - A)
becomeszero. Accordingto equation(1.7)thisfunctioncorre-
spondsto”the Mach number

—

M= 2/&i?= 1.565
-. .:

S. A. Christianovichshowed(reference8) thatfor..agiven
valueof the Mach numberthereis a changein the directionof
curvatureof the characteristicsin the flowplane. The graphof
the function L(w - A) is shownin figure1.

t

6 .–
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If the right side of equation (2.2)is e~~ded in a series
in powersof z, .

~A=(h2-~) z h43-lz3-— +.. . (2.4)

fromwhich

z j.1-h h2+l (p- A)S+...
= 2(h2 - 1) ‘24(h2 - 1)3

If this seriesis substitutedin equation(2.3),

~2-2 (h2+l)(h2- 2)+6 (W-A) +
L(v - A)=~f-

24(h2- 1)2
● 9.

Set h2 = 6. Then

L(w-A)= ~A-0.057 (w-A)+. . .

For M>4, assume

L(w - A) ‘*A

Equation(2.1)thenbecomes

Equation
coefficient.

O(A, W) =

h2Q ()axmi%%-$=o (2.5)

(2.5)’is the equationof Darbouxwith integral
The generalintegralof this equationhas the form

where X(A) and Y(w) are
The expression(2.6)is the
equation(2.1)for 2+0,

arbitraryfunctionsof
asymptoticintegralof
that is, for M~%

(2.6)

theirarguments.
the exact
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Equations(1.10)for the coordi~tes x and y,
aftertransfo~tion to the characteristics

Au, becomeson thebasisof equation(1.11)

From equation(2.2)for smallvalues

z IA-A=
2(h2 - I)

b

-.
-.If this value of z is substituted in equation (2.7)abd the

arbitraryfunctions @(A,p) elimimted from equation(2.7),
.“with the aid of equation(2.6)the finalsolutionis obtained.

1x=--

K

x“ + Y’

w (A-V)2 )-22P-Y’

(A-&
sin+ -

c

(-loE#-

)1

X-Y6,~+12—

(b@ (Aql)s
Cos+

Considerthe equatiom for the velocitypotentialcp(W,6)
and the streamfunction $ (Wje):

a
? .!QW?!J *= Q(@-l)##
e aw P

—-

-– *.

*

—
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If the variable z is
velocity W according

7

introducedin place of the modulusof the
to equation (1~7)and

theseequationsare transformedto the form

g=- ( A Al+h2z2)&1 (h2 - l)l-K (1

%=-( %1 +h2z1)w1 (1+ 22)-1 (h2

For small z, equations(2.8)may be replacedapproximatelyby
the equatio~ -

Kjl

3?
ae

= - (h2 - 1)*K z~K $#

2-K WI

? z
= - (h2 - 1)= ZrK >:

If the velocity potential cp is eliminated,the
streamfunction $ is

the characteristicsof which have

Aa=e-(hz-l)z

&w+&~w=o
az2 z az

the form

equationfor the

pe+(hz-l)z

(2.9)

If equation(2.9)is referredto the characteristics,it is trans-

(2.10)
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The equationof Ihrbouxwith integralcoefficient,whichis anal-
ogousto equation(2.5),is integratedin finiteform.

30 Criterionsof similarity.- By examiningequation(1.9)
for Machnumbersnear 1 (Z+m) and also for largeMach nunibers
(z+ O), certaincriterionsof similaritycanbe established
thatmaybe usefulin evaluatingexperimentaldata obtainedin
wind-tunneltests. For largevaluesof z, equ4tion(1.9)can
be replacedby the approximateequation

and for smallvaluesof z by the approximateequation

(3.1)

—

(3.2)‘

A thin slightlycamberedaitioilat smallangleof attackis
now consideredin a plane-parallelnonverticalgas flowwith Mach
number ~ at a“largedistancefrom the airfoil. Theprofile
chordis denotedby 2 and itsmaximumthicknessis denotedby 5.
If it is assumedthat ~ is nearunity, in equation(3.1)

and equation(3.1) becomes

A

b

h2
2a% -0%

%~--—
3 a#

‘aw=o (3.3)h4z+@ &3*2
,

where

K1=f~~3 ‘ (3.4)

The number K1 may be calledthe criterionof similarityin
the sensethat two flowshavingdifferent
airfoilsof differentthicknesses5 and
for whichthe valuesof K1 are the sane

the same~?nondimensionalm equation(3.3);
coefficientCx

Cx = f(Kl)

I&ch numbersabouttwo
differentchords 2 but
will be determinedby

..- -: .

—
.-—

.r

t.

.—

hence,for the drag—

t.

● ✎�
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In an entirelyanalogousmannerstartingfrom equation(3.2),
a secondcriterionof similarityvalidfor largeMach nunbersis

~=f~~lz:MO

This critertonof similarityhas recentlybeen obtainedbyTsien
by a differentconsiderablymore complicatedmethod.

TranslatedbySamuelReiss
NationalAdvisoryCommittee
for Aeronautics J
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